A

stichting

mathematisch

centrum MC
AFDELING MATHEMATI|SCHE BESL]SKUNDE BW 45/75 MARCH

H.C. TI1JMS

ON A SWITCH-OVER POLICY FOR CONTROLLING THE WORKLOAD IN
A QUEUEING SYSTEM WITH TWO CONSTANT SERVICE RATES AND
FIXED SWITCH-OVER COSTS

Prepublication

vl

2e boerhaavestraat 49 amsterdam

BIBLIOTHEEK MATHEMATISCH CENTRUM
AMSTERDAM




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
pro it institution aiming at the promotion of pure mathematics and its
applications. 1t 4s sponsored by the Netherlands Governmment through the
Netherlands Onganization for the Advancement of Pure Research (Z.0.0),
by the Municipality of Amsterdam, by the University of Amsterdam, by
the Free University at Amsterdam, and by industries.

(MOS) subject classification scheme (1970): 60K25, 90C40




)n a Switch—Over Policy for Controlling the Workload in a Queueing System

7ith Two Constant Service Rates and Fixed Switch-Over Costs

1.C. Tijms

\BSTRACT

This paper considers a single-server system where jobs arrive in

lccordance with a Poisson process. Each job involves an amount of work
thich is known upon arrival and is sampled from an exponential distribution.
‘he server has available two constant service rates | and 2 where rate 2 is
‘aster than rate 1. The total work remaining to be processed in the system
= workload) is controlled by a switch-over policy which switches from rate

to rate 2 only when the workload exceeds the level Yy and switches from
‘ate 2 to rate 1 only when the workload falls to the level Y, where
1< ¥y S Y- The costs of this system consist of a linear holding cost, a

ervice-cost rate and fixed switch-over costs. The purpose of this paper

s to derive an explicit expression for the average cost of this policy.

EY WORDS & PHRASES: Queueing system with two service rates, workload,

switch-over policy, average cost.







. INTRODUCTION

We consider a service station with a single server where jobs arrive
n accordance with a Poisson process with rate A. Each job involves an
mount of work. The amounts of work of the jobs are known upon arrival and
ire independently sampled from an exponential distribution with mean 1/yu.
.t any time the server may choose between the service rates 1 and 2. When
‘he server is in service and uses service rate i an amount of work oy will

)e processed per unit time, i = 1,2. It is assumed that Gy > 0y > X/u. De-

1
‘ine the workload at time t as the total amount of work remaining to be
rocessed in the system at time t, t 2 0. The server provides service when
he system is not empty and uses the following switch-over policy. The serv-
r switches from rate 1 to rate 2 only when the workload exceeds the level
1 and switches from rate 2 to rate 1 only when the workload falls to the
evel Yo where Yy and y, are given numbers with 0 < Yy < ¥q- It is assumed
hat it takes no time to switch from one service rate to another. We denote
he above switch-over policy ag the (yl,yz) policy.

The following costs are incurred. There is a holding cost of h > 0
er unit work in the system per unit time. When the server is busy and uses
ervice rate i there is a service cost at rate r, 2 0, i = 1,2, There is a
ervice cost at rate r, 2 0 when the system is empty. The cost of switching
rom rate 1(2) to rate 2(1) 1is Kl(KZ)’ where K],K2 > 0.

The purpose of this paper is to derive an explicit expression for the

verage cost of the (yl,yz) policy.*) Roughly, this will be done as follows.

)

The analysis given in this paper is also applicable when we assume an
arbitrary distribution for the amount of work of a job. However, in this
case no simple explicit results can be obtained.




2 first consider a Markov chain embedded at the epochs where the server
vitches from one rate to another and the epochs where the system becomes
opty. It will be shown that this Markov chain has a unique stationary
robability distribution which can be explicitly given. Because of the ex-
stence of this distribution, a formula familiar from the theory of semi-
irkov reward processes applies to the average cost. From this formula we
1all derive an alternative one which allows to give an explicit expres-
.on for the average cost. This analysis will be done in the sections 3 and
after we have given some preparatory results in section 2. Finally, sec-
on 5 discusses the minimization of the obtained expression for the average
st

Related work was done by THATCHER [11] who studied the (yl,yz) policy
th Y, =9, for the M/G/1 queue with no switch-over costs. Using busy pe-
od analysis he derived for the average cost of this policy a formula in-
lving the stationary probability distribution of the workload under rate
Also, he proved that a policy of this type is average cost optimal among

e class of all stationary policies (cf. also MITCHELL [9]).

PRELIMINARIES

In this section we give some preparatory results. We first consider the
5/1 queue in which jobs arrive in accordance with a Poisson process with
te A and the amounts of work involved by the jobs are independent, positive
1dom variables having a common probability distribution function F with
1ite first moment B and finite second moment 8(2). When the system is not
>ty the server provides service where an amount of work o is processed per

-t time. It is assumed that AB/o < 1. For any t = 0, let V(t) be the total




lount of work remaining to be processed in the system at time t (in queue-
g theory the process {V(t)} is often called the virtual waiting time pro-

t
ss). Observe that h J V(s)ds represents the total holding cost incurred

0
time t when there is a holding cost of h > 0 per unit work in the system

r unit time. Further, let B = inf {t > 0 l V(t) = 0}, i.e., B is the first

och at which the system is empty.

MMA 1. For all x > 0,

) E(B|V(0)=x) = o_(l_—}kis_m_)
B
2 (2)
) E(fV(t)dth(O):x) = }_{ . AXB
5 26 (1-1R/0) 202(1—AB/0)2

JOF. For completeness, we prove these known results. For any x > 0, let
be the number of arrivals during (0,x/c). Then, Ax is Poisson distributed

th mean Ax/o. Also, let b(x) be equal to the left side of (1), and let

J b(x)dF(x), i.e. b is the expected length of a busy period. Now, by
0

> same standard argument as used on p. 449 in FELLER [5],
E(B]V(O)=x, Ax=n) = x/o + nb,

, by unconditioning on Ax’ b(x) = x/o + Axb/o. Together this and the de-
iwition of b imply (1). To prove (2), we first observe that under the con-
ion that n arrivals have occurred in (0,x/0), each of the n arrivals ep-
1s has expectation x/20 (see Theorem 2.3 in ROSS [10]). Denote by w(x) the
't side of (2), and let w = {” w(x)dF(x). Now, by a similar argument as
:d above, °

B

Bx

2 n
E(JV(t)dtIV(O)=x, Ag=n) = 3=+ 3%+ nw + | (n-k)gb,
k=1
0




)y, wix) = x2/20 + A8x2/202 + \xw/o + A2x282/203(1—AB/0) for all x > 0, To-

:ther this and the definition of w imply (2). [

We now return to the queueing system introduced in section 1. The state
¢ this system can be described by a point in {x | x real, x > 0} u
{x' l x real, x 2 0}, where state x(x') corresponds to the situation that
le workload equals x and the server is adjusted to rate !(2). We now intro-
ice a number of functions that will be needed hereafter. These functions
‘e defined independently of the (yl,yz) policy. For any x > 0, define
i(x) as the expected time until the system becomes empty and define ko(x)
the total expected cost incurred during this time when the initial state
x and the server uses always rate 1. Similarly, let to(x') be the expect-
time until the system becomes empty and let ko(x') be the total expected
st during this time when the initial state is x' and the server uses al-
ys rate 2, Using Lemma 1 with 8 = 1/u and 8(2) = 2/u2, it now follows that

2 hx rlux

+
(olu—k)z (Olu-A)

_ _ux
) to(x) - (OIU-A)

and kO(X) = B , X > 0.

ACHTSY *

e formulae for tO(x') and ko(x') are obtained when in the above formulae

and r, are replaced by 99 and r,). Next, let

T

=9 “HX =1

) 4y = 5+ J ko(x)ue dx and BO X
0

+ J to(x)ue_uxdx,
0

at is, BO is the expected time until the next return to state 0 and o,

the total expected cost incurred during this time when the initial state

0 and the server always uses rate 1. Then, by (3),

r.—Tr r.o,u ho o,u

0 "1 171 1 1
o = + — + and B = —
0 A A(clu ) (OIU‘K) 0 X(clu A)




nally, define the functions k(x) and t(x) by

= 1y _ -
) k(x) ko(x ) ko(x) and t(x) to( to(x) o x > 0.
2
D) k(x) = a, X" + a,x and t(x) = B % r x > 0,
ere
huz(ol-oz)
) o = 2(o,u=2) (o, u=-A)’?
1 2
) S S -V S AN )
2 2 2 -\ ?
(op-n?  @u-n?
2
u (o,-0,)
) B, = -
I (o u=2)(o,u=2)
direct integration, for all y > O,
0) f k(x)ue—uxdx = e—uy{k(y) + agy + (a2+ ,
v
1) J t(x)ue "Fdx = e_uy{t(y) + Bllu},
y
ere
2 . hu(ol—oz)
3 (ou=A) (o u=A)°
1 2
To end this section, we give some required re for a chain
th a general state space. Consider a Markov chai n=20 } with
ationary transition probability function P(-,-) B), wh e state
ace S is a Borel set of a finite dimensional Euc space is the

ass of all Borel sets in S. Suppose that this Ma hain s es the




yllowing assumption.

'SUMPTION. There is some state s* (say) such that

3) Pr{Xn = s" for some n > I | Xy = s} =1 for all s ¢ S
d

* . *
4) E(N|X0=s ) < where N = inf{n > 1 | X =s 1.

- have the following theorem whose proof is included for completeness.

EOREM 1. There is a unique stationary probability distribution function

tisfying

5) Q(a) = I P(s,A)Q(ds) for all A ¢ B.
S

reover, when the initial state XO = s*, then

. Y
6) lig — E{kzo £(X )} = J £(s)Q(ds)
S

r any real-valued Baire function £ such that f]f(s)|Q(ds) < o,

JOF. For any n 2 0, let Pn(s,A) = Pr{Xn € A | Xy = s}. Further, for any

> 1, let P%(s,8) = Pr{X_e A, X = s" for I <k <n | X = s}, and let

K 0
(s,A) = Po(s,A). Define fn(s) = Pr{N = n [ XO = s} for n 2 1, and define
(s) = 0. Then (cf. p. 365 in FELLER [5]), for all s and A,
n ~n 2 -k, *
7) P(s,A) = P'(s,A) + ) P"¥(s AE, (s) for all n 2 0,
k=0
(13), zg fn(s*) = 1. Hence the relation (17) with s = s is a renewal

1ation for any A. Further, for any A,

z gn(s*,A) <
=0 n=0

)

Il o~ 8

P(s",8) = E(N[x,=s™) = ] nf (s%),
n=0




, by (14), both the first series and the last series in (18) are conver-
nt. Now, by applying the Key Renewal Theorem (see p. 292 in FELLER [4]),

r any A,

Pk

| o~

(s,8) = ] PNs*,a)/ ] nE (sT).
. n=0 = n

9) 1im-l
n>© n
n=0

=0
W, for any A, define Q(A) as the right side of (i19). Then, by (18), Q is
orobability measure. Next observe that, by (13), z: fn(s) = 1 and

(s,A) > 0 as n > » for all s and A. Using this we obtain from (17) and

)) that

1 n
lmyg l
k=0

Pk(s,A) = Q(A) for all s ¢ S and A ¢ B,

>m which it is easy to derive that Q satisfies the steady state equation
5) (cf. pp. 133-134 in BREIMAN [1]). Since the Markov chain {Xn} has no

> disjoint closed sets, we have by Theorem 7.16 in BREIMAN [1] that Q is

2 unique probability distribution satisfying (15). To prove (16), let m

a finite measure on (S,B) such that m(A) > 0 if and only if s* € A. Then,

(13), m(A) > 0 implies Pr{Xn/e A for some n = 1 [ X. =g} =1 for all

0
: S. Consequently, the Markov chain {Xn} satisfies the so-called recurrence

idition of Harris (cf. pp. 206-207 in JAIN [8]). Relation (15) now follows

»m Theorem 3.3 in JAIN [81].

AN EMBEDDED MARKOV CHAIN

In this section we shall determine the stationary probability distribu-
»n of the Markov chain embedded at the epochs where the server switches
m one rate to another and the epochs where the system becomes empty.

Consider the queueing system which is controlled by an (yl,yz) policy




ith 0 < Yy < 4 (the (yl,yz) policy with Yy = 0 will be considered separate-
y in the next section). For ease we assume from now on that the system is
npty at epoch 0. Let TO = 0, and, for n 2 1, let Tn be the nth epoch at

1ich either the server switches from one rate to another or the system be-
mes empty. For any n =2 0, define Xn as the state of the system at epoch

\ with the convention that we take Xn equal to x(x') when at epoch Tn the

>rkload equals x and the server switches from rate 1(2) to rate 2(1). Ob-

:rve that XO 0. The embedded process {Xn, n > 0} is a Markov chain with

:ate space

wn
]

{0} u{x | x> yl} U {yé}.

mote by P(+,) the one-step transition probability function of this Markov
\ain, that is, P(s,A) = Pr{Xn € A | Xn—l = s}, For the above Markov chain
e assumption of Theorem 1 is satisfied for s = 0, so, this Markov chain
s a unique stationary probability distribution Q(-) (say) satisfying (15).

is stationary distribution Q will now be determined explicitly. To do this,

fine, for all 0 < x < y, and v 2 Yo

p(x,v) = probability that the state of the first entry of the system
into the set of states {0} u {u | u > yl} belongs to the set

{u | u > v} when the initial state is x.

rther, let po(x) = ] - p(x,yl) for 0 < x < Y- For shortness we write

= Q({o}), Q(v) = Q({u|u>v}) and Q2 = Q({y;}). Then, (15) gives

1
Q = UPey) * Q| py(yIue Vdy, Q, = Qly,), and

Q'




1
Q(v) = QZP(YZ,V) + Qo{e BV p(y,v)ue_uyc

O g

rther, by Q0 + Q(yl) + Q2 = 1, we have Q2 = (l—QO)/2.

ne p(x,v). Using a standard argument, we get for any 1

all,
Y E
p(x+Ax,Vv) = Aéz { [ p(x+y,v)ue Ydy + O
1
0

¢ (1= 2E5000) + o(ax)

1

ich implies that, for all v = Yo
Y%

op(x,v) _ A [—p(x,v) + f p(x+y,v)ue Vdy
0

9x cl

utine analysis using Laplace transforms and the bounda

x,v) > 0 as x - 0 yields after some algebra

p(x,v) = A

e—(oluv—xyl)/ol {e(alu-k)x/ol - 1] {clu—X

r all 0 < x <y, and v 2 y,. From p,(x) = 1 - p(x,y,),
1 1 0 1

po(x) = [olu—Ae—(olp_x)(yl_x)/Ul] [clu—ke—(g

e formula for po(x) was also found in KEILSON [8]. Usi

t after some algebra

EOREM 2. The stationary distribution Q is given by

Q - c—l{glu_xe-(olu-k)(yl-yz)/ol}

call v 2 Y-

111 now deter-

and Ax very

0 < x < Yo

,V-X)]

.'O<x<y],

dition

—A)yl/cl]—l

'1/01]"1
"0 < x < Yy

se results we




Q, = c—l(clu-A)e—(olu_k)yllol

q(v) = C_Iu(olp-x)e_(oluv‘kyl)/01

o all v 2 Yo where q(v) = =-3Q(v)/ov, and

c=ou+ (2c]u—zx)e"(°1“'x)y1/°1 - e (O (yymyy) oy

IMARK 1. For the case where the amount of work of a job has an arbitrary
istribution function F the resulting differential equation for p(x,v) can
: converted into a delayed renewal equation by integration, and this fact
lLlows to give a closed expression for p(x,v) in which the renewal function
I the defective distribution function (A/ol) fy {1 - F(u)ldu appears, cf.

0
JHEN [2]. Hence Q can be explicitly given in terms of this renewal function.

. THE AVERAGE COST OF THE (y,,y,) POLICY

In this section we shall derive an explicit expression for the average
st of the (yl,yz) policy. To.get to this expression, we first establish
formula which is familiar from the theory of semi-Markov processes with
cost structure. Next we derive from this formula an alternative one which
.lows to give an explicit expression for the average cost of the (yl,yz)

ylicy.

IA

Consider in the first instance the (yl,yz) policy with 0 < Yo S ¥q-
it Z(t) be the total cost incurred during [0,t), t =2 0. For any n = 0, let
T Tn+l - Tn’ i.e., T is the length of the time interval between the nth
id the (n+1)st epoch at which either the server switches from one rate to

iother or the system becomes empty. Further, for any n 2 0, denote by Zn

le total cost incurred during [Tn, Tn_H)9 where Zn includes the appropriate




11

itch-over cost when at epoch Tn the server switches from one rate to an-

her. Finally, let t(s) = E(TnIXn=s), and let c(s) = E(ZnIXn=s) for s € S,

MMA 2.

0) Lim + BZ(t) = f c(s)Q(ds)/J 1(s)Q(ds) .

S S

O0F. We first observe that the process describing the behaviour of the
ate of the system is regenerative where the epochs at which the system
comes empty are regeneration epochs. There is a cost structure imposed
the process. Now, since both the expected time until the first return
the system to state 0 and the expected cost incurred during this time
> finite, we have by the renewal theoretic argument used in the proof of
sorem 7.15 of ROSS [101],
im + EZ(t) = 1imlE{nil z } / 1lim -}-E{nil T }
%+m t e on U 2, k e n 2, k

¢t the Lemma follows from Theorem | (using formula (3) it is immediate
ym their definitions that the functions t(s) and c(s) are bounded by a
1ear and quadratic function, respectively, so, by Theorem 2, both inte-

1ls in (20) are absolutely convergent). [J

fARK 2. By Theorem 3.16 of ROSS [10], we also have that, with probability

Z(t)/t converges to the right side of (20) as t - =,

We shall now convert formula (20) into an alternative form which allows
give an explicit expression for the average cost of the (y!,yz) policy.
do this, recall that kO(x') has been defined as the expected cost incur-—
1 until the system is empty when the initial state is x' and the server

jays uses rate 2 (see section 2), and, so, K, + ko(x?) represents the ex-—

i




iected cost incurred until the system is empty when in the initial state x
he server was to switch to rate 2 and always remains using rate 2. From

hese interpretations and the definition of c(x) it now follows that
1] = 1]
21) Kl + ko(x ) c(x) + ko(yz) for all x > Y-

imilarly, it is easily seen that

22) K, + kg(y,) = clyy) + J kO(X)P(y;,dX)
(yl 900)
I'O N -
23) U f ko(y)ue UYdy = c(0) + f ko(x)P(O,dx),
0 (y,5°)

nrere P(¢,°) is the one-step transition probability function of the embed-
ed Markov chain introduced in section 3. For notational convenience, we

ow introduce functions hl(s) and hz(s), s € S. Let hl(x) be equal to the
aft side of (21) for x > Vs and h](yé) be equal to the left side of (22),
ad let hl(O) be equal to the left side of (23). Further, let hz(x) = ko(x),
ot hz(yé) = ko(yé), and let h2(0) = 0. Then, together (21)-(23) can be

imarized as

24) hl(s) = ¢c(s) + f hz(w)P(s,dw) for all s € S.
S

itegrating both sides of (24) with respect to the stationary distribution
and using (15), we get after an interchange of the order of integration
lt is immediate to verify that all integrals are absolutely convergent,

ince any function involved is bounded by a quadratic function),

f h, (s)Q(ds) = f c(s)Qds) + f h, (1)Q(dw) ,
S S S




rom which we get by using (4), (5) and Theorem 2,

25) J c(s)Q(ds)

{ {hl(S) - hz(s)}Q(dS) =
S S

aOQo + f {Kl + k(x) }q(x)dx + {K2 - k(yz)}Qz-
y

1

1 the same way, we obtain

o

'6) f 1(s)Q(ds) = B,Q, + J t(x)q(x)dx - t(y,)Q,
S Y4
‘his relation can also be directly obtained from (25) by putting r. = r

0 I

r, = 1 and Kl = K2 = h = 0, and noting that for these values the cost
mctions c(*) and ko(-) reduce to the corresponding time functions t(*)

d to(')). Now, by Lemma 2 and the relations (25) and (26), the average

*
st of the (yl,yz) policy with 0 < Yy ¥4 is given by the formula )

[o0]

00Qy * [ {Kl + k(x)}q(x)dx + {Kz - k(yz)}Qz
Y

8(y,5y,) =

(o]

ByQy *+ J t(x)q(x)dx - t(yz)Qz
7

ing the relations (§), (10) and (11) and Theorem 2, we find

EOREM 3. For any (yl,yz) policy with 0 < Yy <V, the average (expected)

st per unit time is given by

The idea used to derive this formula from (20) is generally applicable
and a sophisticated use of it has been made in the Markov decision
model considered in DE LEVE & TIJMS [3].




2 2
aoR(yl,yz) + al(yl-yz) + az(yl—yz) + gy, (a2+a3)/u + K
BOR(yl,yz) + 51(y1"y2) + Bl/u

27) g(y,>y,) =

here K = K1 + K2 and

R(Y,5Y,) = (°1U‘X)—1{0]Ue(clu_x)yl/cl - Ae(glp_A)yZ/Gl}.

iIMARK 3. The above formula for the average cost holds also for the (yl,yz)
>licy with ¥y = 0. This result which will be intuitively clear from con-
(nuity considerations follows by considering the process embedded at points
1 time where either the server switches from rate | to rate 2 or the sys-
:m becomes empty and by repeating the above analysis with obvious modifi-

itions.

'MARK 4, Consider the case of K = 0. Denote an (yl,yz) policy with Yy =99
r the y-policy. Then, the average cost of an y-policy is given by
(o,u-N)y/o
1
aoe 1 + agy + (a2+u3)/u
Boe(clu-A)Y/c

'8) g(y) =
1+ Bl/u

iis formula agrees with formula (1) on p. 78 in THATCHER [11].

MARK 5. The average cost of the policy that always uses rate i equals

r.A

} _ _ A 1 hA .
9) g = ro(l O-u) + T + WERTSY) for i 1, 2,
i i i
follows by putting 0p =0y, T, =1, and K = 0 in (27). Observe that

0) = g,, however g(0,0) > g, when K > 0. Also, observe that, for any y,,
2 2 2

yl,yz) converges to aO/BO =8, asy, > .
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MINIMIZATION OF THE AVERAGE COST

This section discusses the determination of the numbers yT and y; for
ich the average cost function g(yl,yz) is minimal. We shall distinguish

tween the cases K = 0 and K > 0. First we consider

SE 1: K= 0. For this case of no switch-over costs we only consider the

policies (as shown by THATCHER [11] a policy of this type is average cost

timal among the class of all stationary policies). We find after some
gebra that the derivative of the average cost function g(y) has the same

gn as the function
h(y) =y + A(o]—cz)(olu—x)“(ozu—x)“{l - e'(olu’A)Y/cl} - a,

ere a = (hclu)_](olu—l){ro + (rzo1 - rloz)/(oz—cl)}. It is immediate to
rify that h(0) = -a and that h(y) is strictly increasing for y = 0 with

y) > ® as y > o, Hence, if a > 0, then the average cost is minimal for

2 y*-policy where y* is the unique positive root to the equation h(y) = 0.
a < 0, then g(y) is minimal for y* = 0, that is, the policy that always
2s rate 2 minimizes the average cost. In table 1 we give the optimal y*

i g(y*) for a number of numerical examples.

SE 2: K > 0. For this case we find after some algebra

3g(y,»svy,) Ko, (o u=))
12727 (o, u=N)y, /o 2_2 _ _ 172
ayl = ¢(Y1,y2)[ue 1 1 1 Y](yl yZ) + Yz(y] yZ) XU +
P— (O Ny /oy (ou=Ny /oL [, + ———zyl + +
(clu—k) Y19 u Yo
Y Y
3 2 3
+ 207"+ 20,7 - Kooy ]




nd
og(y,,y,) 2y
1°727 A (o.u-N)y,/o 2_2 _ 1
v, ¢(y1’yz)[o] e I I Oy)  vpryty) oyt
2y Y Ko, (o,u=\) Y
1, "2 172 3 2
+-—;§ o ————7;————} R Y (27 7,4Y,) + 5y 7y, "+
"3 73
PE ) 2" K(OI-OZ)]’
1ere

67,579 = 120w o um) B R(y by,) + B, (y,myy) + By /u) T2

) —holu(ol—oz) ) (ro-r])(ol—oz) . (rl—rz)c1 ) hcl(o]-oz)
! 22 (o u=h) Y2 X X (o u=2) (0,1=1)
2 2
hu (01—02)

Y37 o om0

TABLE 1. w =2, 0 =4,0,=5 h=1,1,=0,71,=5andr, =10

1 2 0 1
A 6 6.5 7 7.5 7.75
K =0 v* 4,418 3.747 3,146 2.605 2.353
gy 5.168 5.925 6.812 7.855 8.450
K =10 yT 11.066 9.509 8.194 7.097 6.606
Y, 3.108 2.209 1.463 0.878 0.636
8(y 7)) 5.237 6.121 7.226 8.541 9.270
K = 25 v 14.678 12.462 10.611 9.143 8.520
Yy 3.024 2.016 1.155 0.496 0.234
8(y,y,) 5.247 6.181 7.429 | 8.979 | 9.838
g, 6.750 7.429 8.167 9.000 9.472
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'serve that 8g(§,§)/3y1 < 0 for all y, so, for each point (y?,y;) minimiz-
g the function g(yl,yz) for 0 < Y, < Y, holds yz < y?, Also observe that,
'r each Yoo the partial derivative Bg(yl,yz)/ay1 is positive for all Y4
fficiently large and, so, g(yl,yz) converges to g, from below as Yy >
ich proves that the policy which always uses rate | is not average cost
timal (of course, this conclusion also applies to the case of K = Q). For
e numerical computation of the minimum of the function g(yl,yz) for

Y, Sy, we have used a computer program based on the variable metric
gorithm of FLETCHER [6] for unconstrained minimization. In table 1 we

ve for a number of numerical examples the numbers yT and y; for which the
nction g(y],yz) is minimal for 0 < Yy ¥, (numerical computations indi-
te that the function g(yl,yz) has a single minimum, although this function
not convex). We note that g(yT,y;) should be compared with 89s since the
e average cost of the policy that always uses rate 2 may be less than that
any (yl,yz) policy. Finally, we note that it is reasonable to conjecture
at either an (yl,yz) policy with Yy < ¥, OF the policy that always uses

te 2 is average cost optimal among the class of all possible policies.
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